Figure 20 Streamlines and velocity contours in the
symmetry plane for the low-speed Parachute.

ot Relsxaion with 2 LHE sweeps

Figure 22b Slice of grid in the symmetry plane for
Space Shuttlerbiter geometry.
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Figure 21 Convergence history for low-speed flow
over a parachute.

Figure 23 Convergence histories for Mach 2.1
inviscid flow (@=10) over Space Shuttlarbiter.

Figure 22a Presaure contours in symmetry plane for

Mad 2.1 inviscid flow (a=10°) over SpaceShuitle
orbiter
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Figure 18a. Presarre dong the ceterline of first
injector.

Figure 15 Convergence history for Mach 0.16 flow
over a slanted backwards facing step.

Figuwe 16. UVA two-hole injedor geometry  Figure 18h Pressure dongthe canterline of second
(CourtesyD.R. Eklund, NASALaRC) injector.

Figue 17a 2-D Slice of grid on lower wall of
UVA two-hole geometry.

Figure 19 Convergence histories for UVA two-hole
injection problem.

Figure 17b 2D dlice of grid in symmetry plane of
the UVA two-hole geometry.
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_ _ Figure 12 8) Mesh used in redtaching shea layer
Figure 9. Convergence histories for Mach 2.84  c4culation b) Presare ontours ¢) Streamwise
turbulent flow past a 24 degree ramp. velocity contours and streamlines.

Figure 10 @) 121x121 Grid for transonic flow over
a 2-D bump, b) Mach number contours.

ure 13 Convergence histories for turbulent
ttaching shear layer.

ure 14 a) 151x101 grid used for Mach 0.16 flow
adanted backwards fadng step, b) streamwise
Figure 11 Convergence history for transonic flow  velocity contours and streamlines.

over a 2-D bump.
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Figue 1 a Quadrilateral mesh around circular
cylinder, b) triangdar mesh, c) Hierarchicd mesh
near cylinder.

Figue 2. Convergence histories for Madc 0.4
inviscid flow over circular cylinder

12

Figure 3. Convergence histories for Mad 0.01
inviscid flow over circular cylinder.

ure 4. Convergence histories for Madh 2.0
inviscid flow over 10 degree ramp.



32

33.

34.

35.

Flows’, (1993, RM.C. So, C.G. Spezae, B.E.
Launder, edsElsevier.

McDanidl, J., Fletcher, D., Hartfield, R. Jr., and
Hollo, S., “Staged Transverse Injedion Into Mach 2
Flow Behind a Reaward-Fadng Step: A 3-D
Compressble Test Case for Hypersonic Combustor
Code Vdidation”, AIAA Paper 91-5071 Dec
1991, Orlando, Florida.

B. Sekar “Three Dimensional Computation of
Parallel and Non-Paralel Injedion in Supersonic
Flow”, AIAA Paper N0.95-0886

Goldberg, U.C. “A Pointwise One-Equation
Turbulence Model for Wall Bounded and Free
Shea Flows’, Turbulence, Hea and Mass Transfer,
Begell House Inc. Jan. 1996.

Weiss JP. Maruszewski, and W.A. Smith,
“Implicit Solution of the Navier-Stokes Equations
on Unstructured Meshes”, AIAA 97-2103.

11



10.

11

12

13.

14.

15.

16.

17.

18.

Thompson “Time Dependent Boundary Conditions
for Hyperbalic Systems’, Journal of Comp. Phys.
Vol 68, 1987, pp. 1-24

Colonius, S. K. Lele, and P. Moin. "Boundary
Conditions for Dired Computation of Aerodynamic
Sound Generation," AIAA J., Vol. 31, 1993 pp.
1574-82.

Karni “Accderated Convergenceto Stealy State by
Gradua Far-Field Damping’ AIAA Paper No. 91-
1604.

Jesperson “Enthalpy Damping for the Steady Euler
Equations” Appl. Num. Math., Vol. 1, 417-432.

S. R. Chakravarthy, “Relaxation Methods for
Unfadored Implicit Upwind Schemes," AIAA Paper
84-0165 AIAA 22nd Aerospace Sciences Meding,
Reno, Nevada, January 1984.

S. R. Chakravarthy and the Computational Fluid
Dynamics Department, “Computational
Aerodynamics Methoddogy for the Aerospace
Plane,” Computing Systems in Engineaing, Vol. 1.
Nos 2-4, pp. 415-435, 1990.

Ruge and K. Stubben, “Multigrid Methods’, S.F.
McCormick, 1987, SIAM.

D. Mavriplis and V. Venkatakrishnan,
“Agglomeration multigrid for viscous turbulent
flows”, AIAA 94-2332.

Turkel,
“Preconditioning  and

Lea
the

A Fiteeman, and B.
the  Limit

van
to

Incompressible equations”, ICASE Report 93-42.

Turkel, “Preconditioning Methods for Solving the
Incompressble ad Low Speal Compresshle
Equations’, Journal of Comp. Phys., 72 (1987,
277-298.

Weissand W.A. Smith “Preconditioning Applied to
Variable axd Constant Density Flows’, AIAA
Journal, Vol. 33, No. 11 (1995).

Choi and C.L. Merkle. Journal of Comp. Phys., 105
(1993)

Darmofal and P.J. Schmid “The Importance of
Eigenvedors for Locd Prenditioners of the Euler
Equations’, Journal of Comp. Phys., 127 (1996,
346-362.

1C

19.

20.

21,

22,

23.

24,

25,

26.

27.

28.

29,

30.

3L

van Lea, W.T. Lee ad P.L. Roe “Charaderistic
Time-Stepping or Locd Premnditioning of the
Euler Equations”, AIAA Paper No. 91-1552, 1991.

Real and D.A. Anderson “Application of Low
Speeal Preconditioning to the Compressble Navier-
Stokes Equations”, AIAA Paper No. 97-0873.

Godfrey and B. van Lea “Preconditioning for the
Navier-Stokes  Equations  with  Finite-Rate
Chemistry”, AIAA paper No. 93-0535.

Chakravarthy S., Peroomian, O., and Sekar B.,
“Some Internal Flow Applications of a Unified-Grid
CFD Methoddogy”, AIAA No. 96-2926 July 1996
Lake Buena Vista Florida.

Peroomian, O., and Chakravarthy S., “A ‘Grid-
Transparent’” Methoddogy for CFD”, AIAA Paper
No. 97-0724.

van Lea, D. Lee ad J. Lynn, “A Locd Navier-
Stokes Preconditioner for al Madh and Cell
Reynolds Numbers”, AIAA paper 97-2024.

Lee Ph.D. Dissrtation, University of Michigan
1996.

Settles G.S., Fitzpatrick T.J.,, Bogdonoff S.M.,
“Detailed Study of Attached and Separated
Compresson Corner Flowfields in High Reynolds
Number Supersonic Flows’, AIAA journal, 17, No.
6, pp. 579-585, 1979.

Goldberg, U. C. “Exploring a Three-Equation R-k-¢
Turbulence Model,” ASME J. Fluids Engrg. 118
pp. 795-799, 1996.

U. Goldberg, O. Peroomian, S. Chakravarthy and B.
Sekar, “Validation Of CFD++ Code Capability For
Supersonic Combustor Flowfields’, AIAA paper
97-3271.

Delery J.,, Copy C., and Riesz, J. “Anayse ai
velocimetre laser bidiredionnel d’une interadion
choc-couche limite avec dewllement etendu”,
(1980 ONERA Raport technique, No. 37:7078
AY014.

Samimy M., Petrie H.L. and Addy A.L. “A Study of
Compressble Turbulent Redtaching Free Shea
Layers”, AIAA Journal 24, No. Zyp 261ff, 1986.

Ruck B., and Makiola, B., “Flow Separation Over
the Step with Inclined Walls, Nea-Wall Turbulent



taken from McDaniel et. a [32], shows the geometry
characteristics.

Test section height 11.03D
Test section width 15.79D
Length of measurement domainX/D=26.6
End of nozzle contour X/D=-10.65
Step location X/D=-4.94
Step height H=1.65D
1* injector location X/D=0.0
2"%injector location X/D=6.58
Diameter D 1.93

Figwe 16 shows a sketch of the UVA two-hole
transverse injedor. The topdogy consists of an inflow
region followed by a backward-fadng step after which
two transverse injedors are locaed. The computational
grid used to simulate the flowfield was derived from a
fine grid (400K cdls, Sekar[33]). This mesh was
coarsened everywhere except nea the hole regions and a
grid with only 70K cdlswas obtained. 2-D dices of the
coarse grids on the lower wall (downstrean of the
badkward-fadng step) are shown in Figures 17a and b.
The Madch nunber of the primary flow was 2.089 and
that of the jets was 1.183 The flow conditions were
similar to those found in McDaniel et a. [32]. The
turbulence model invoked for this caculation is a one-
equation pointwise eldy viscosity model given in
Goldberg [34]. Figures 18a and b show the presaure in
the aossstrean diredion over the two holes as
compared to the data from [32]. Figure 19 shows the
convergence history for this case using a point-impli cit
scheme (CFL 1.0) and the relaxation scheme using 2
LHS forward-badkward sweeps at CFL 3.0 (ramped
from 1.0). Nealy five orders of magnitude drop in
residuals was achieved by the relaxation scheme in about
1800 steps.

Low Speead Parachute—A Mad 0.01 3D flow past a
parachute was computed using the preconditioned
version of the relaxation scheme. The grid used for the
cdculation is comprised of 10500 cdls. Figure 20
shows the solution in one of the symmetry planes and
Figue 21 shows the nvergence history with the
relaxation scheme using 2 LHS forward-badkward
sweeps at CFL 5.0. A four order of magnitude drop in
residuals was achieved in nearly 500 steps.

Inviscid Flow over Space Shuttle Orbiter—A Mad
2.1 inviscid flow at a 10 degree angle-of-attack was
simulated over the spaceshuttle orbiter geometry. The
mesh consisted of roughly 270,000 tetrahedral elements.
The relaxation scheme was used with 2 forward-

badward baundaries-on-in LHS sweeps. The locd CFL
was ramped from 1.0 to 50 between steps 1 and 30Q
Figures 22a and b show the presaure antoursand grid in
the symmetry plane, respedively. Figure 23 shows the
convergence history for the scheme. Five orders of
magnitude drop in the residual was achieved in roughy
900 steps. The relaxation scheme performed rather well
even with a large number of grid pdnts in the mesh (as
also seen in the two-hole case).

Conclusions

This paper has presented a preconditioned-implicit
relaxation scheme that shows very nice @nvergence
properties for a variety of problems encompassng flow
speals from low subrsonic to supersonic and grid
topdogies from singe block structured to multiblock
unstructured.

Currently, a multigrid option is being added to this
point-implicit relaxation scheme which should improve
the convergence characteristics even further.
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guantities guch as presaure, velocity and skin friction. A
99x99 grid was used with clustering in the x-diredion
(Axmin=0.13,) at the ramp corner, and clustering in the y
diredion (Ay,,=0.00015,) at the wall, where &, =
0.023n is the measured baundary layer thickness
upstream of the shock. This grid has at least eight cdls

in the viscous siblayer and y; <1. The inflow static

presaure was 24 Kpa and the total temperature 276 K.
Althougha dired comparison with the experimental data
requires inflow profiles, we have cosen here to
initiali ze with freestream quantities sncethat is a bigger
challenge to overcome in terms of convergence A
threeequation pointwise k-e-R; turbulence model was
used [27] to model the turbulent flow feaures. Sincethe
emphasis of this paper is not on the acaracy of results,
but on convergence apeds, the realer is referred to
[27,28] for results obtained with this turbulence model
on this gedfic problem. The cdl-ordering employed
for this case was based on the égenvalue magnitude. As
described above, in this type of ordering more iterations
are done in regions with higher eigenvalues than in those
with smaller ones. This enables faster convergence
since more sweeps are done in the “fine-grid” region.
Figure 9 shows the mnvergence history for this problem.
The stegper line represents more iterations in the
boundary layer region, i.e. roughy 10 swees in that
region. In both cases the CFL was ramped from 1.0 to
10.0 in about 300 steps and the maximum number of
LHS swees per step was no more that 5 times the
number of cdls. Even on this fine grid (50 times finer
than a grid typicdly used with wall-functions), roughy
six orders of magnitude drop in residuals was achieved
in about 1200 steps.

Transonic Flow over a 2-D Bump— This case
corresponds to the experiments conducted in [29]. A
121x121 grid, shown in Figure 10a, was used for the
cdculations. The grid is highly stretched at the lower
and upper walls with a minimum spadng of Ay = 4x10
®m. This grid is also extremely fine with several grid

points within y* =1. A Madh 0.615 flow was used to

initialize the flowfield and Goldberg’'s three @uation
model [27] was used to model the turbulent flow
feaures. The flow downstrean of the bump separates,
causing a lambda-shock to develop nea the end o the
bump geometry, seen in the Mach number contours
givenin Figure 10b. The agenvalue-based cdl ordering
was used for this cdculation along with 2 forward-
badkward LHS sweeps at CFL 15. Figure 11 shows the
convergence history with nealy four and a half orders of
magnitude residual drop in about 1200 steps.

Turbulent Reattaching Shear Layer-- This case is
taken from the experiments conducted by Samimy et. al.

[30]. The geometry involves a badkward-fadng step
followed by aramp and a cmnstant area sedion. Figure
12a shows the grid used for this cdculation, consisting
of 19500 wadrilateral elements. A free shea layer is
formed dff the step, which eventually redtaches to the
danted wall (ramp). This problem is more complicated
than the previous one. Here a large redrculating
subsonic flow pocket (cavity flow) interads with a free
shea layer and a mmpresson structure. The inflow was
a Mad 2.46 and was initialized with boundary layer
profiles (3.12mm thicknesy. The inflow stagnation
presare and temperature were 5281 Kpa and 297K,
respedively. The interior of the domain was initialized
with Mach 2.46 flow conditions everywhere except for
the small triangdar region downstrean of the step,
where the velocity was st to zero and presaure was
matched to that of the inflow. Goldberg’'sthree guation
model [27] was used for this case too. Presare and
velocity contours are given in Figures 12 band c for the
sake of completeness however, once aain the user is
referred to [28] for a detailed discusson. Figure 13
shows the anvergence history for a relaxation scheme
with one LHS sweep and no particular cdl ordering, and
a relaxation scheme with eigenvalue-based cdl ordering
and 2 forward-badkward LHS sweeps at CFL 2.0. In
rougny 2800 steps, the dgenvalue based scheme
enabled five and a half orders of magnitude drop in
residual. This case is quite dalenging since in its
transient stages very strong shocks and expansions
develop in the flowfield. This limits the CFL to a low
value, however, even with that restriction, the relaxation
scheme has $own marked improvement over tests run
using AF and point-implicit methods (not shown).

Low Subsonic Flow over Slanted Backward Facing
Step—This case is taken from the experiments
conducted in[31]. The basic geometry is comprised of a
45 degreebadkward fadng step followed by a very long
channel sedion. Figure 14a shows the 151x101 grid
used for the cdculation. The grid is clustered nea the
lower and upper walls. Goldberg'sthree @uation model
[27] was used also in this case. The Mad 0.1 flow was
used to initialize the flowfield and no inflow profiles
were used. A large separation bubble is present behind
the danted backward fadng step, as iown in Figure
14b. The preoonditioned version of the relaxation
scheme with 2 badkward-forward LHS sweeps at CFL
50 was used for this case. Figure 15 shows the
convergence history. We seethat four orders dropin the
magnitude of the residual is achieved in about 1000
steps.

Two-Hole Injedion -- This case @rresponds to the
UVA two-hole transverse injedor topdogy. Table 1,



More than ten problems were dosen in order to
demonstrate the m@nvergence daraderistics of this
implicit-relaxation scheme.  Since this sheme was
implemented in the unified-physics, unified-grid and
unified-computing framework, the problems tend to
cover a vast array of physicd and topdogicd ranges.
They include mmpressble and incompressble flow
regimes, inviscid, laminar and turbulent physics,
structured, unstructured, and hybrid meshes. Since
Weiss preoonditioning was finally chosen and
implemented, only the flows which are incompressble
or at alow-Madh nunber have been smulated with the
preconditioning option.

Inviscid Flow over Cylinder—A Mac 0.4 inviscid
flow over a gylinder is cdculated using a variety of mesh
topdogies. The goal here is to demonstrate the eae
with which the relaxation scheme operates within the
unified-grid framework. Four grids were chosen for this
analysis. the first was a 26x26 quadrilateral grid
clustered nea the surfaceof the g/linder, the seaond was
a finer version of the same grid (51x51), the third a
triangdar mesh grid and the fourth a hybrid grid which
has a hierarchicdly subdivided sedion rea the top o
the g/linder. Figures 1a, b, and ¢ show these mesh
topdogies. In all cases, the relaxation scheme was %t
up so that it operated at a locd CFL of 50 with 2
forward-backward baundaries-on-in  LHS sweeps.
Figure 2 shows the cmnvergence daraderistics on the
four mesh topdogies compared to a 2™ order Runge-
Kutta and 1% order point-implicit schemes. Nealy four
orders of magnitude drop in the residual is redized
within 150 steps. One should note that the leveling off
seen in the residua of the hierarchicd mesh is due to the
truncation error mismatch on the boundaries of the two
grids.

Low-Speed Flow over Cylinder—A Mac 0.01 flow
over the same topdogy as above was caculated using
the preconditioned form of the relaxation scheme. A
16x16 grid was used for all cdculations. Figure 3 shows
the convergence histories using a 2™ order Runge-K utta
scheme, a 1% order point-implicit scheme ad the
relaxation scheme. The best results were obtained with
a locd CFL number of 50 and the relaxation scheme
using 2 forward-badkward baundaries-on-in LHS
sweeys. Inthat case, seven orders of magnitude residual
drop was achieved in less than 100 steps.

Oblique Shock Simulation—Two geometries were
used to simulate an oblique shock at Mach 2.0. Thefirst
case involved a supersonic flow over a 10 degreeramp
using a 51x51 grid. Figure 4 shows the @nvergence
history using a 2" order RK method, a first order point-
implicit (CFL 50) method and the relaxation scheme

using a CFL of 50 and two forward-badkward LHS
swegs in the dtreanwise diredion.  Again, the
relaxation scheme improved the @nvergence by legs
and baunds. The second case involved a simple
redangudar domain where a Mach 2.0 flow impinges
onto the lower surface & an angle caising an oblique
shock to develop. Three mesh topdogies were used to
simulate the flow. The first was a simple Cartesian
mesh, the second a trianguar mesh and the third a mesh
with a mixture of trianguar and quadril ateral elements.
Figures 5a, b, ¢ show the mesh topdogies. Figure 6
shows the anvergence histories on the threegrids using
the relaxation scheme & CFL 50 and 2 forward-
badkward baundary-on-in LHS sweeps. The
convergence histories are roughy the same with all three
grids showing a drop d 4 orders of magnitude in the
residual in roughly 200 steps.

Supersonic Laminar Flow over Flat Plate—A Mach
2.0 laminar flow over a flat plate & Re = 1.85x10%/m
was cdculated using a 51x101 stretched quadril ateral-
mesh gid (Aymn = 0.0001 y* =100). The
computational grid was 0.31m in the x-diredion and
0.1min the y-diredion. Figure 7 shows the convergence
history using a point-implicit (CFL 50), the relaxation
scheme using CFL 50 and 2 forward LHS sweeps in the
streamwise diredion, the other relaxation scheme using
eigenvalue-based cdl-ordering and 2 forward-badckward
LHS sweeps. Roughy six orders of magnitude drop in
the residual was achieved in 400 steps by the
eigenvalue-based cdl ordering even in this highly
stretched grid.

Incompressble Flow over a Flat Plate—An
incompressble laminar flow over a flat plate was
simulated using the preconditioned version of the
relaxation scheme with primitive variable updating [16].
A grid similar to that of the éove cae was used. Figure
8 shows the mnvergence history of the relaxation
scheme using CFL 25 and 2 forward-backward
boundaries-on-in LHS sweeps. Roughy five orders of
magnitude drop in the residual was achieved in 400
steps. This example was provided to show how easily
the scheme can be adapted to a methoddogy where the
update-variables are different from the cnservation
variables.

Supersonic Turbulent Flow over Ramp—This case
corresponds to the Macdh 2.84 flow past a 24 degree
ramp [26]. The impinging shock on the boundary layer
upstream of the ramp corner causes flow separation to
occur ahead o the corner and a subsequent regtachment
occurs downstream of it. In problems of this type the
separation bubble shape ad size dfed many flow



Stagn. Point | Yes Yes Yes
Singularity
PPt Very high High Moderate

Sensitivity
Outer Boun. | Yes Yes Very little
Sensitivity
Eigenvector | Yes Yes Yes
Paralleliz.
Modify u Yesin 3D (one | No No
eigenvalue | of them

becomes

shorter)
Flow angle Yes No No
Singularity

Relaxation Schemes

The relaxation scheme in CFD++ is implemented based
on the paint-implicit method. The simple point impli cit
scheme described ealier goes through a single iteration
and updates the cedl average value. In implementing the
relaxation scheme, severa iterations are done using a
left hand side (LHS) update between iterations. The
basic scheme (single iteration) is as follows:

01 JRHOY 11
O +———>g" -q") = -RHS
WA\ x; ' ' )

Now we rewrite this scheme as flows:

EiJ,Mﬁ *oq)=- A", e
N T A A Y 0
where n represents the old time level and * and **
represent iteration steps. One can see that if one
iteration is carried out with the * level being equal to the
n-th level the basic scheme is revered. The relaxation
scheme implemented in CFD++ is obtained by

expanding the Jacobian (9(RHS) dq) into the central and

neighbor cell effects:
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where the subscript ¢ denotes the central cdl and fn
denotes the faceneighbors. After expanding the LHS in

the above manner the scheme is then written as follows
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Note that the neighbor effeds have been taken to the
right hand side of the euation. This <heme is
implemented in a GaussSeidel fashion, i.e. using rew
iteration level solutions as they become available in the
neighbor-effed term. In using the relaxation scheme
one should be aware of the following properties:

1. Number of swegs and swee dredion. In the
above implementation of this point-implicit
relaxation scheme, the number of sweeps can play
an important role in its convergence properties.
Obvioudly if only one sweep is performed some of
the cdls will not fed the dfed of the relaxation.
Too many iterations are futile becaise the RHS is
not updated between sweeps and the solution is
advanced using the cédl and neighbor LHS
contributions. The sweep dredion can be forward,
badkward or both. Usually a two-sweeg forward-
backward implementation yields adequate results.

2. Ceéll ordering in which the relaxation sweeps are
dore. The cdl ordering in the relaxation scheme
can also play a significant role in its convergence

properties. Several options have been considered:

a) Sweep order according to cell numbers
b) “Boundaries-on-in” ordering of cells

¢) Ordering starting from a specific boundary

d) Chedkerboard (or scheme
numbering

€) Cell ordering based on eigenvalue

colored)

Depending on the problem under consideration, a
spedfic cdl-ordering will aid in acceerating the
convergence properties of the scheme. For
example, in an inviscid supersonic flow problem, it
is advantageous to swee in the “freestrean’
direction.

3. The"goodress' of the Jacobian. One must keep in
mind that the iterations are alvanced using an
update of the LHS only. Thus, if the Jacobian is a
very rough estimate, then too many iterations might
make the scheme unstable.

Results



In a @mnservative finite-volume scheme the discretized
form of the fluxes in the premnditioned form of the
equation must be written as follows:

f + f 4P
_ fau) (QR)_Pl%(qR_qL)

fRiemann - 2

For example in a Roe's <heme, the diffusion matrix
[PA] is based on the right and left eigenvedors of the
matrix PA which is obtained by multiplying the
precnditioning matrix, P, with the Jacobian of the
inviscid fluxes of the non-preconditioned system. The P
! which multiplies the diffusion term is necessry in
order to have a onservative scheme. In a very simple
(say 1% order RK) method, we can write atime update
scheme as follows:

n+l n

9 "G __

A R(RHS)
where RHS is the right hand side of the non-
preconditioned system. One inherent problem with all
preconditioners arises from this eventual multiplicaion

PP, Theflux frigmann is cdculated at ead cell

face ad the P matrix which multiplies the diffusion is
based on an average (say Roe's average) of the cdl face
neighboring quantities. The P which multiplies the
RHS, however, is computed based on the centroidal
value of the cdl being ypdated. Thus, in regions of high

gradients, ngf;%e will not necessrily be dose to

identity. This can cause problems in convergence &
well as in stability of the scheme. In low speal
cdculations, these regions of high gadients occur nea
stagnation points. Such points pose yet another problem
for preconditioners: it has been shown that the
normalization parameter in prewnditioners must be
rougly equal to the wvelocity magnitude

(Vu? +vZ +w?) in order to idedly normaize the
eigenvalues and to oltain an optimal condition number.
Obvioudly at stagnation points a singuarity exists in the
method. Darmofal [18] has dwown that as one
approaches this snguarity the dgenvedors of PA
beome parallel and thus make the scheme unstable. A
common fix for this problem is to limit the method to
stay away from stagnation point singularities.

The @ove shows the basic ooncepts behind
preconditioning and its initial implementation. There
have been some recent innovations in precnditioning
which include:

1. Premnditioning based on Mach number so that
eigenvalue spreal and condition number bemme
optimal at all speeds. [19]

2. Viscous preoonditioning which modifies it based on
cell Reynolds number[24]

3. Preconditioning based on cell-aspect ratio[25]

In this paper, we have ncentrated on inviscid
preconditioners. These ae preconditi oners which solely
try to modify the inviscid-flux-Jacobian-matrix
eigenvalues. We have evaluated three such
preconditioners:

1. Preconditioner by Turkel [14,15] which rarrowly
bunches the egenvalues as the Mach number goes
towards zero. The preconditioning matrix for this
system effedively adds sded presare time
derivative terms to the momentum equations.

2. Preoonditioning by Weiss [16] which makes the
largest eigenvalue only twice @& large & the
convedive one & the Mach number goes towards
zeo. As the flow velocity tends towards (and
passs) sonic conditions the scheme tends to the
non-preconditioned scheme.

3. Preoonditioning by Bram van Lea [19,21] which
narrowly bunches the dgenvalues at al Madh
numbers. Infad thisyields the most optimal spread
in eigenvalues and the most optima condition
number obtainable. Thisis adchieved by writing the
equations in a stream aligned coordinate system and
finding the optimal preconditioning matrix in that
set of variables.

Detaled analysis has been conducted on these
preconditioners. The most robust was found to be that
proposed by Weiss This preconditioner suffers only
from the stagnation point singdarity which can be
circumvented easily by limiting the preconditioned
parameter away from stagnation points. This
preconditioner does not suffer from flow ange
sengitivity, sonic point singuarity, or outer boundary
sengitivity. The result of our study is presented in the
table below. Following the tabular format presented in
[25], we present the results of our analysis.

Van Leer Turkel Weiss
Eigenvalue | Optimal at al | Close to [ Maximum
Spread Mach numbers | optimal as | eigenvalue
M-0 twice that of
velocity
Sonic Point | Yes Yes No (tends to
Singularity no precond.
as




discrepancy between the speed of sound and the fluid
velocity. Preaonditioning also modifies the diffusion in
the flux terms  that non-physicd solutions on coarse
meshes in low-speal flows are avoided. Preconditioning
isimplemented by multi plying the time derivative vedor
of the dependent variables by a preoonditioning
matrix[14,15,16,17,19,21].

P'lqt+fx+gy+h220

Now if this is inverted, one obtains the following
equation:

q, +P(fx+gy+hz):0

It is clea that this will change the egenvalues and
eigenvedors of the Jacbian matrices asociated with
preconditioned fluxes and thus the diffusion. This also
destroys the physicdly corred transient and takes a
different path to the crred stealy state solution when
such a state eists. If transient response is important,
then dua time-stepping techniques[16] can be utili zed
so that only the internal (pseudo-time) steps are
preconditioned. The dual time-stepping basicdly has a
physicd time asciated with the transient response and
a seoond “pseudo’ time asciated with the iterations
between each time step

For low speed compresshle flows, the preconditioning
modifies the wave speeds of the equations to overcome
the numericad difficulti es asociated with computation of
low spedad flows. In such flows, the velocity is very
small compared to the speed of sound and thus the
stability criterion which is inversely propartional to the
spead of sound (u+c wave with u being very small)
becomes influential. In addition, the waves which are
traveling at the velocity of the flow (u waves) travel
much slower than the u+c and u-c waves, and this fad,
combined with the time-step which is dictated by the
spea o sound, implies that a very long time is needed
to converge to a solution. By altering the magnitude of
the u+c and u-c waves 9 that they are comparable with
the u waves, the solution is obtained in much fewer
iterations or time steps.

For example take the 1-D Euler equations in non-
conservation form:
0 2
OO0 =Y pc OO0
ngn| = n
O+ u O0qug =

N

The three égenvalues of the Jacobian matrix for this
system are u-c, u, and ut+c. Now let us consider the
multi plication of the time derivative term by the inverse
of the preconditioning matrix:
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Inverting this matrix and multi plying it by the Jacmbian
matrix yields the new equation for the update of the
primitive variables and the @rresponding Jacobian
matrix.

0 e
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This new Jambian matrix has the following eigenvalue
structure:
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The mnvedive dgenvalue, u, is untouched, however,
the amustic dgenvalues have now been altered by the

introduction of the BZ parameter. Note that when
B2 =c?, the old Jacobian matrix and eigenvalues are

recovered. One can see the normalizing effed of this
parameter as u beaomes much smaller than ¢. In that

cae if ﬁz is «t to uz, then all eigenvalues becme of
order u and the stiffness due to the large discrepancy
between the sound speed and the flow velocity is
removed. This is the simplest form of preconditioning,
but there ae many fancier preconditioners in the
literature. As the precnditioner becmes increasingy
complex, more of the terms in the matrix becme non-
zeo. In the dove preconditioning matrix only the 1,1
element was altered from an identity matrix, but fancier
preconditi oners alter more terms in order to get an even
tighter eigenvalue spread. Such preaonditi oning schemes
can be found in [14,1519]. In fad, the preconditi oner
discused in [19] is wiited for all Mach numbers and
gives rise to the best eigenvalue spread acossthe Mach
number range.



boundary condition types for the various <ts of
equations. 10) Implementation on MPP computers
based on the distributed-memory message-passng model
using retive message-passng libraries or MPI, PVM,
etc. [unified-computing].

Preconditioned-Implicit Relaxation

In this paper, severa ideas on convergence acckeration
have been brought together to yield a fast methoddogy
for al flow regimes. The gproach can be labeled as a
“preconditi oned-impli cit-relaxation” scheme. It
combines threebasic ideas: implicit locd time-stepping,
relaxation, and preconditioning. Preconditioning the
equations idedly equalizes the dgenvalues of the
inviscid flux Jacohbians and removes the stiffnessarising
from large discrepancies between the flow and sound
velocities at low speads. Use of an implicit scheme
circumvents the stringent stability limits suffered by
their explicit counterparts, and successve relaxation
allows update of cdls as information becmes avail able
and thus aids convergence.

Point-Implicit Time Stepping

When using a time-marching method in Navier-Stokes
cdculations, one neals to be avare of three types of
stability criteria.  The first two are the common CFL
condition and the von-Neumann condition deding with
the inviscid and viscous parts of the euations,
respedively. The other arises due to stiff source terms
present because of turbulence and chemicd readions
(not discussed here). When using an explicit scheme
(say a multi-stage RK), the first two conditions limit the
time step as follows:

O AX Ax20
At = minlCFL—— VN —1U0
O Amax v O

where CFL is the Courant-Friedrich-Lewy number
(usually around 2-3 for multi-stage RK),VN is the Von-
Neumann number (usually around 1.0 for multi-stage
RK), Ax is the smallest cdl side, v is the kinematic
viscosity, and A iS the largest eigenvalue (u+c for the
Euler equations). Implicit schemes do not suffer from
these time-stepping restrictions. In fag, if al terms as
well as boundary conditions are treaed implicitly then
fully implicit schemes do not have awy linea stability
limits. In implicit schemes the RHS is evaluated at least
partially at the new time level. This gives rise to a
coupled set of discrete euations which reed to be
solved iteratively. Esentially a linea agebra problem
(Ax=b) arises where x is the solution vedor consisting
of the dependent variables at al grid pdnts. In
structured grids where a simple bodkkeguing exists, a

common pradice is to use gproximate fadorizaion
coupled with a line-implicit approach. However, this is
not so simple in urstructured approaches. Many
unstructured-grid codes use a multi-stage Runge-Kutta
time marching coupled with a locd time-stepping
concept in which the time-step in ead cdl is computed
based on the following formula and cdls are updated
using their own maximum allowable time step. These
types of approadches are vulnerable to the éove stability
restrictions. The gproach taken in CFD++ is a point-
implicit one. The point-implicit scheme is a mmpad
scheme which in its smplest form has the following
structure:

01 O(RH)T
G-+ :
g g

In the simplest case, one ca carry out a single iteration
in which case the Jacbian and RHS cdculations are
completely based on old time level quantities. This type
of schemeisided for the unified-grid framework present
in CFD++ and daes not suffer from severe stability
requirements. This is espedally important in problems
where the viscous gability dominates and causes svere
restrictions on explicit schemes (Note that the viscous
stability limit goes as Ax?). However one must be avare
of several fads when wsing this implementation of the
point-implicit scheme:

- CIin) =—~(RHS)

1. If the boundary condition treament is explicit, then,
in certain cases, it can crede an upper bound on the
CFL condition.

2. When uwsing locd time stepping, very large CFLs
might not be possible.

3. The scheme can become unstable & large CFLs
when a single iteration is used.

In most of the inviscid flow examples given in the latter
sedions of this paper, an infinite CFL was possble even
though the boundary condition treament was explicit.
However, for most of these caes a CFL of 50-100
(based on the inviscid criterion) was chosen. For the
very fine grids (several points in the sublayer) used in
the turbulent flow cdculations, when spatially varying
time steps were used, the CFL was ometimes limited to
only 5-10.

Preconditioning

The main effed of preconditioning on the compressble
Navier-Stokes equations (at low spedls) is to normalize
the dgenvalues of the flux Jacmbian matrix and to
overcome the time-stepping restrictions due to the large



unstructured-grid codes snce it deds with a single
cell rather than a “line-of-cells”.

By employing alocd time-stepping option, i.e. eat
cdl’stime step based on its own charaderistic value
(eigenvalue, mesh volume, etc.), one can incresse
the rate of convergence Often the ébove-mentioned
multi-stage RK methods are wupled with this
approach.

Implicit schemes can be employed to ded with
gtiffness effeds, avoid stability limits associated
with explicit schemes, take larger time steps, and
converge faster to steady state. In structured grid
codes, often a line-implicit approac is adopted. In
unstructured grid codes, however, due to the
bodkkeeping involved, the most common approach
is a point-implicit methodology.

Proper and careful choice of inflow/outflow and far-
field baundary conditions can help avoid spurious
refledions. These methods can be divided into two
cdegories. One involves exponential damping of
the eguations [2,8,9] and the other involves lving
a tharaderistics-based time-dependent equation at
the boundary [4,5,6,7]. For preconditioned forms of
the euations it is important to use the
corresponding charaderistic  theory, not the
charaderistics for the original non-preconditi oned
equations.

Relaxation techniques [10,11] can be developed for
TVD upwind formulations. These avoid
fadorization errors that occur at large values of the
time step and they can be designed to take
advantage of signal propagation diredions
associated with hyperbolic equations.

Multi-grid [12,13] techniques can be interpreted in
several ways as a nvergence acckeration
technigue. One viewpoint is that they help
propagate the solution faster by resorting to partial
solution updates on the cruder levels.

For low spedl flows, when the numericd diffusion
and the @genvalue spedrum of the advedion terms
beoome large, preconditi oning techniques have been
employed to increase the rate of convergence
[14,1516,17,1819,20]. By multiplying the time
derivative vedor in the governing equations by a
preconditioning matrix, the dgenvalues of the
equations are normalized so that they al have the
same order of magnitude. These @ncepts have
been generalized in [19,21] to be suitable for all

flow regimes. For low sped flows, preconditioning
aso leas to much improved acaracy in the

solution on a given grid (especially on coarse grids).

Only afew of these gpproaches have been reseached in
an urstructured grid framework and none have been
hitherto applied in the unified-grid framework. The
authors becane aware of the very recent work in this
area by Weiss [35]. The gproach shown here is
somewhat similar to his; however, the schemes down
were derived independently and the gplication arena is
a unified-grid framework.

In this paper, several ideas and approaches from the
above-mentioned categories (including some novel
implementations) are explored in various combinations.
lustrative examples are enployed to demonstrate the
eff edivenessof the method for all flow regimes and grid
topologies.

Numerical Framework

The basic numericd framework in which the proposed
scheme is implemented is termed the unified-grid,
unified-physics and unified-computing framework.
These have been implemented in a software suite cdled
CFD++ [22,23] and the user is referred to these
references for detail s of the basic numericd framework.
Here we will give only a brief synopsis of this
framework and methodology.

CFD++ Methodology—general outline

The numericd framework of CFD++ is based on the
following general elements: 1) Unsteady compressble
and incompressble Navier-Stokes equations with
turbulence modeling [unified-physics]. 2) Unification of
Cartesian, structured curvili near, and unstructured grids,
including hybrids [unified-grid]. 3) Unification of
treament of various cdl shapes including hexahedral,
tetrahedral and triangdar prism cdls (3-d), quadril ateral
and trianguar cdls (2-d) and linea elements (1-d)
[unified-grid]. 4) Treament of multiblock patched
aligned (nodaly conneded), patched-nonaligned and
overset grids [unified-grid]. 5) Tota Variation
Diminishing discretization based on a new multi-
dimensional interpolation framework. 6) Riemann
solvers to provide proper signal propagation physics,
including wersions for precmnditioned forms of the
governing equations. 7) Consistent and acarate
discretization of viscous terms using the same multi-
dimensional poynomial framework. 8) Pointwise
turbulence models that do not require knowledge of
distance to walls. 9) Versatile boundary condition
implementation includes a rich variety of integrated
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Abstract

Improved convergence rates for a wunified grid
framework are adieved by combining severa
convergence acckeration strategies, which include locd
implicit time-stepping, low-speed preconditioning, and
relaxation methods. It is demonstrated that good
convergence can be adieved on various grid types and
topdogies, al speal regimes, and for both inviscid and
viscous flows.

Introduction

Over the last three decales Computational Fluid
Dynamics tods have been developed to encompass
increasing levels of complexity in physics, numerics and
geometry. They have been applied to an ever-expanding
set of problems. The increasing demands placel on
CFD continue to force the neeal for further
improvements.  Increasing the dfediveness of CFD
requires the reduction of the cmputational cycle time
(time from problem definition to completion of
solution). Part of thisis being achieved through the use
of unified-grid approaches which gealy reduce the
demands placel on the grid and the grid generation
process [1]. A corresponding improvement in
convergencerate to the desired solution is also required.
The combination of speed-up and geometricd versatility
is not traditionally addressed together. In this paper we
present some ideas, approaches, implementation details
and results of tests to demonstrate our recent progressin
this area.

Convergence acckeration has beaome an important
issue in the use of CFD in the design processs. The
need for fast turnaround times in a design cycle dictates
afast grid-to-solution time which, in turn, influences the
choice of grid type, grid generation process the number
of grid padnts, choice of physicd models such as
turbulence models, wall functions, the doice of
numericd methoddogy, solvers, and the doice of
solution methoddogy parameters. Often the ultimately
desirable grid is too fine for rapid computation and is,
therefore, coarsened to achieve afaster turnaround time.
Many techniques have been employed to speed up the
convergence rate of numericd methods © that such
measures become unnecessary.

Several issues can affed the mnvergence rate of a
numericd method. These can range from the refledion
at boundaries, influence of cdl asped ratio, numericd
acarracy, numericd diffusion, eigenvalue spedrum, etc.
A number of techniques have been uilized to remedy
adverse dfeds caused by the @ove-mentioned fadors
and thereby accderate the wnvergence rate. The
following is a sample collection of such techniques:

1. Multi-Stage Runge-Kutta (RK) methods [2,3] have
been developed, posessng stability limits of CFL >
1 which not only alow larger time-steps but have
better residual damping charaderistics than the
standard RK methods. A trade-off occurs due to the
fad that 4-5 stages are usually considered and this
incresses the cmputational time per time step.
This type of scheme has been adopted by many
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