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Figure 4(c) Compression ramp: streamwise velocity
profile at corner

Figure 4(d) Compression ramp: solution convergence
history

6  Concluding remarks

This paper compared the predictive performance of an
anisotropic version of the  k R− −ε  model to that of
two equation models for shock-separated  transonic and
supersonic flows. Results indicate a considerably
improved  performance of the k R− −ε  model

relative to that of a typical low-Re  k − ε  model in
predicting such flows, with almost no exception.

The k −ω  model performed well except in the Délery
internal flow case  where it failed to predict the bulk of
the flowfield correctly.

The k R− −ε  model is wall -distance-free,
tensorially invariant and frame indifferent.  It is suitable
for flow  solvers based on structured, unstructured or
hybrid book-keeping, and is  applicable on any
computer architecture, including the increasingly
popular  massively parallel processors.
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where y y u+ = ρ µτ /  and the friction velocity

( )u
wτ τ ρ= / .

Figs. 4(a-c) show predictions and data comparisons of
surface pressure, skin  friction, and corner velocity
profile.  A sketch showing the geometry and some  flow
features is seen in Fig. 4(a). Fig. 4(d) is a convergence
history  plot based on skin friction well downstream of
flow reattachment.

The k R− −ε  and k −ω  models yield similar
predictions which are  much superior to those by the
k − ε  model.  The shock impingement  location is best
predicted by the 3-equation model whereas the skin
friction  distribution is better predicted by the k −ω
model, especially downstream  of reattachment. It is
noted that the post-reattachment peak in skin friction,
typical of low-Re k − ε  model predictions, is
eliminated by the other  two models.  It is also noted
that the k R− −ε  model enables superior  prediction
of the corner velocity distribution, especially in the
upper portion of the profile,  indicating that the
boundary layer thickness is captured correctly.

Figure 4(a) Compression ramp: surface pressure
distribution

Figure 4(b) Compression ramp: skin friction
distribution



AIAA 98-0323

American Institute of Aeronautics and Astronautics
11

Figure 3(h) 2D bump: Mach contours, k −ω model

Figure 3(i) 2D bump: convergence history

5.4  Supersonic flow over a compression ramp

This is the supersonic two-dimensional flow over a 24
�

ramp measured  by Settles et al.,18 with additional data
by Dolli ng and  Murphy,19 and by Selig et al.20.  An
oblique shock, impinging  on the boundary layer ahead
of the ramp corner (due to upstream influence), induces
flow detachment, with subsequent reattachment onto the

ramp surface.  The origin  of the ( )x y,  Cartesian

coordinate system is located at the ramp corner, with
directions along and normal to the upstream flat plate,
respectively. These  coordinates are scaled by the
boundary layer thickness upstream of the shock, δo .

Wall pressure ( )pw  is scaled by the upstream inflow

pressure ( )p∞ .  The computation was done on a  grid,

with at least  8 cells inside the viscous 99 99x
sublayer, first centroidal point off the wall being  at

y + < 1.  The grid was clustered in the x  direction

too, with [ ]∆x min .= 01 0δ , located at the ramp corner.

This grid was  recommended for the ETMA workshop
on evaluation of turbulence models for  compressive
flows.21

Numerical predictions of this case are known to be
strongly dependent on inflow  conditions. The inflow

Mach number was 2.84; Re . x /∞ = 73 107 m ;  total

temperature 262 K; and static pressure 24 kPa.  Wall
temperature was 276K  but adiabatic conditions were
adequate.  The measured upstream boundary layer
thickness, δ0 0023= . m , was   located at

x / .δ0 30= − .  The computational inflow was placed

at  x / .δ0 217= −  and a compressive equili brium

turbulent boundary layer  (wake strength parameter
Π = 055. ) of thickness δ δin / .0 06=  was imposed

to enable matching the measured boundary layer
upstream of  the strong interaction region. k∞  was set

corresponding to a  freestream turbulence level
′ =T 08%. , and ε∞   was set to a level that imposed

freestream eddy viscosity on the order of the  molecular
one.  The inflow profiles of k  and ε  were the
following:

k
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y y u y=
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Figure 3(d) 2D bump: lower wall skin friction profiles

Figure 3(e) 2D bump: velocity profiles at x =330,380
mm

Figure 3(f) 2D bump: shear stress profiles at
x =330,380 mm

Figure 3(g) 2D bump: Mach contours,
k R− −ε model
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Figures 3(b,c) show comparisons of predictions with
experimental data of lower  and upper wall pressure
profiles, and Fig. 3(d) is a lower wall skin friction
comparison.  Streamwise velocity and Reynolds shear
stress profiles over the  lower wall close to the
reattachment location and downstream of it are shown
in Figs. 3(e,f).  The pressure and velocity profiles
indicate improved  prediction of shock location and
extent of the separation bubble by the  k R− −ε
model, compared to that by the other two models.  The
velocity  profile near the reattachment point is
particularly well predicted.  The shear  stress profiles
indicate an anomalous behaviour of the k −ω  model
toward  the shear layer edge.  This is confirmed by the
Mach contours, Figures 3(g,h), showing that the k −ω
model predicts a very diffused shock, resembling a
series of discrete compression waves, which does not
agree with the  experimental observation.  The wall
pressure profiles, Figures 3(b,c), also  indicate a
smeared shock predicted by this model. In addition, the
maximum  measured Mach number, M max .= 142 , is

closely predicted by the 3-equation model but not by the
k −ω  model.  It is concluded that the latter fails to
capture the bulk of the flowfield in this case.  However,
while  the k R− −ε  model does predict a sharp

shock, the experimentally  observed λ  shock is only
weakly predicted by this model.

Fig. 3(i) is a convergence history plot based on lower
wall skin friction   in a location within the reversed flow
region.

Figure 3(a) 2D bump: computational grid

Figure 3(b) 2D bump: lower wall pressure profiles

Figure 3(c) 2D bump: upper wall pressure profiles



AIAA 98-0323

American Institute of Aeronautics and Astronautics
8

Figure 2(d) Axisymmetric bump: turbulence kinetic
energy profiles

Figure 2(e) Axisymmetric bump: shear stress profiles

Figure 2(f) Axisymmetric bump: solution convergence
history

5.3  Transonic channel flow including a bump

In this case a Mach 0.615 flow enters a two-dimensional
channel comprising a  flat upper wall and a lower
surface which includes a bump-like profile   protruding
from the otherwise flat wall [see Fig. 3(a)]. The inflow
total   pressure is 96KPa. A transonic λ -shock forms
toward the bump  traili ng edge, and its interaction with
the boundary layer induces a separated  flow region.
Experimental data were taken by Délery and his
associates.17  In the experiment the shock location was
controlled by an adjustable throat downstream of the
bump; since no geometrical  details of this throat are
provided, computors are instructed to adjust the
downstream pressure to replicate numerically the
experimental shock  location.  Reservoir inflow
conditions were imposed, and adiabatic, non-slip
conditions were set at the walls.  The computations
were done on two grids: a 120 120x  grid with 14
points inside the viscous sublayers, first point being

located at y + = 01. ; and a 120 240x  grid, with 16

points inside the sublayers and finer resolution across
the channel.  The latter established grid independence
of the solution on the former grid.  The computational
domain extended from x = −74   to x = 426 mm,
and some streamwise grid clustering was imposed,
centered at   the bump trailing edge, as seen in Fig. 3(a).
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residing within the backflow region. nt is the time step
counter.  This constitutes  a more stringent test than
monitoring the drop in numerical residuals.

The k − ε  and k R− −ε  models predict the shock
location further downstream than indicated by the
experimental data, whereas the k −ω   model predicts
it on the data, however it underpredicts the pressure
level  downstream of reattachment.  A sluggish
redevelopment of the boundary layer,  predicted by the
k −ω  model, is seen in both the skin friction and
velocity profiles.  The other two models are better in
this respect but while  the k R− −ε  model predicts a

decent skin friction distribution, the k − ε  model
(characteristically) underpredicts it.  The kinetic energy
and shear stress profiles indicate a better performance
by the 3-equation model  than by the k −ω  model in
the reversed flow region, but the opposite  is true
downstream of reattachment.  Thus the improved
prediction of the mean  flow in the redeveloping
boundary layer region by the former model does not
seem to extend to the turbulence field in this flow case.

Figure 2(a) Axisymmetric bump: surface pressure
distribution

Figure 2(b) Axisymmetric bump: skin friction
distribution

Figure 2(c) Axisymmetric bump: streamwise velocity
profiles
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Figure 1(e) Flat plate: turbulence kinetic energy profile

Figure 1(f) Flat plate: turbulence energy dissipation rate
profile

Figure 1(g) Flat plate: eddy viscosity profile

5.2  Transonic flow over an axisymmetric
bump

Mach 0.875 flow over an axisymmetric bump at

Re . x /∞ = 136 106 m  is computed and evaluated

against  experimental data of Bachalo and Johnson.16

Here a normal shock,  impinging on the bump, causes
flow detachment from the surface with subsequent
reattachment further downstream on the cylindrical
portion of the model.  A  sketch of the geometry,
including main flow features, is included in Figure  2(a).
In Figures 2 the origin of the axial coordinate, x , is at
the bump  leading edge; the radial coordinate, y ,

originates at the axis. All l engths   are scaled by the
bump cord, c . Figures 2(a,b) present surface pressure
coeff icient ( )Cp  and skin friction ( )C f  profiles,

respectively. Figures  2(c-e) show velocity, kinetic
energy, and shear stress profiles at two  streamwise
locations; one within the reversed flow region, the other
downstream  of reattachment. The computations were

performed on a 151 81x grid  with y + ≤ 1 at the first

centroid away from the wall .  Streamwise   clustering
was also imposed, centered at x c/ .= 07  where the
shock impinges on  the wall according to the
experiment.  Computation on a 181 101x  grid was
also performed to ascertain grid independence of the
calculation done on the 151 81x  grid.

Figure 2(f) shows solution convergence history with the
current model, based  on skin friction in a location
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wall , k , ε  and eddy viscosity  at x m= 08. .   Fig.
1(d) includes experimental data12,13,14 as well as
Spalding's formula15. The k − ε  and k R− −ε
model  predictions are in close agreement except for the
ε   profile. The  current model predicts a local
maximum at the wall , with a secondary peak  further
away from it, in qualitative agreement with DNS data.
(The GA k − ε  model does exhibit this trend in other
flow cases, however).  As seen in Fig. 1(d), the law of
the wall is best predicted by the 3-eq. model.

Figure 1(b) Flat plate: skin friction distribution

Figure 1(c) Flat plate: streamwise velocity profile

Figure 1(d) Flat plate: velocity profile in law-of-the-
wall coordinates
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The three transport equations, Equations (7), (9), and
(10), are subject to the following solid wall boundary
conditions:

The kinetic energy of turbulence vanishes at walls, thus

kw = 0.                                                                 (14)

From DNS data of channel flow (Mansour at al.8),

εw
+ ≈ 022. .  Written explicitly,

ε
∂
∂w w

t

n w

v
U

y
≈







022

2

. ,  where U t  is the local

tangential-to-wall velocity component and yn  is the

local normal-to-wall direction.  This non-pointwise
velocity gradient is replaced by the vorticity magnitude,
ω , which is tensorially invariant.  Thus the final form
of the wall boundary condition for ε  reads

( )ε ωw w
v= 022 2.                                                (15)

Finally, since the eddy viscosity vanishes at a solid
surface,

Rw = 0.                                                                 (16)

Freestream and initial conditions for k  are usually
determined by the level of freestream turbulence, ′T ,

through ( )k U T∞ ∞ = ′/ /2 23 2 , otherwise a value of

k U∞ ∞
−=/ 2 410  may be used.  The level of  ε∞  is

set such that the freestream eddy viscosity is on the
order of the molecular one and, similarly,

( ) ( )ρ µR O
∞ ∞= , though this condition is not crucial

since R is overwritten by the model during the course of
the iterative solution procedure.

4  Numerical method: CFD++ Methodology
general outline

The numerical framework of CFD++ is based on the
following general elements:

1) Unsteady compressive and incompressive Navier-
Stokes equations with turbulence modeling.

2) Unification of Cartesian, structured curvili near, and
unstructured grids, including hybrids.

3)  Unification of treatment of various cell shapes
including hexahedral, tetrahedral and triangular
prism cells (3-d), quadrilateral and triangular cells
(2-d) and linear elements (1-d).

4)  Treatment of multiblock patched aligned (nodally
connected), patched-nonaligned and overset grids.

5)  Total Variation Diminishing discretization based
on a new multi -dimensional interpolation
framework.

6)  Riemann solvers to provide proper signal
propagation physics, including versions for
preconditioned forms of the governing equations.

7)  Consistent and accurate discretization of viscous
terms using the same multi -dimensional polynomial
framework.

8)  Pointwise turbulence models that do not require
knowledge of distance to walls.

9)  Versatile boundary condition implementation
includes a rich variety of integrated boundary
condition types for the various sets of equations.

10)  Implementation on MPP computers based on the
distributed-memory message-passing model using
native message-passing libraries or MPI, PVM, etc.

The cases described in this paper utili zed only a small
subset of these capabiliti es: compressive flow, single
block structured grids with quadrilateral cells and three
pointwise turbulence models.

Further details regarding the numerical methodology in
CFD++ can be found in references9,10.

5  Results

All computations were performed on a Pentium Pro PC.
In addition to comparisons with experimental data, the
3-equation model's predictions are compared to those
by the Wilcox k −ω 11 and GA k − ε 4 models, the
latter being a representative low-Re k − ε  model
which is wall-distance-free like the other two.

5.1  Flow over a flat plate

Mach 0.2 flow over a flat plate at Reynolds number of

6x106  is  computed on a 65x97  grid, with  y + ≤ 1
at the first centroidal  location away from the wall .  The
plate leading edge is preceded by a section of
freestream flow parallel to it.  The plate extends to one
meter.

Figure 1(b) shows skin friction distribution, and Figs.
1(c-g) show profiles  of streamwise velocity, law-of-the-
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The compressive material derivative is given by

( )[ ]D Dt t x Uj j/ / / .≡ +∂ ∂ ∂ ∂ �

The model constants are
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The turbulence time scale, as proposed by Durbin6 and
by Goldberg7, is
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where  Cτ = 6  based on DNS data (see Durbin6)

Equation (12) guarantees that the eddy time scale will
not fall below the Kolmogorov micro-scale, dominant in
the immediate vicinity of solid surfaces.  It is noted that
by enforcing time scale realizabilit y in the ε  equation,
it retains asymptotic consistency at walls with no
modifications.

It is further noted that when Equation (7) is derived
from the standard k  and ε  equations, two further
diffusion terms result, namely

( ) ( )[ ]− ∇ ⋅ ∇ − ∇ ⋅ ∇2 22C R k k k R k k RRµ σ/ / / .

Since these terms are not used, the resulting R- equation
is independent of the k  and ε  equations.  This is
clearly seen in Fig. 1(a) where

Figure 1(a) Flat plate: profile of the dissipations ratio

( )k R2 / ε

 the ratio of the two dissipation rates, ( )k R2 / ε , is

plotted against y +  in the case of flat plate near-wall

flow.  Unlike ε , k R2 /  tends to vanish at the wall ,

and it peaks to about 1.5ε  at y + ≈ 9.   As seen in the

figure, R tends back to k 2 / ε   only at y + > 100.

The effect of including the R equation in this model is,
therefore, to enable usage of the dissipation term

k R2 /  in the k  equation instead of ε , which leads to
lowering the turbulence level in nonequili brium flow
regions, such as recirculation zones, enabling improved
prediction of such regions, compared to the
performance of many low-Re k − ε   models.

The near-wall damping function, f µ , is the one used in

the Goldberg-Apsley (GA) k − ε  model4, namely

f
e

e
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t

t

t
µ
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

î


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
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−

1

1
1max ,                           (13)

with, ( )R kt = ρ µε2 /  the turbulence Reynolds

number.  The constant α = 00077.  was determined
through correlation to DNS data of flat plate and
channel flows8.  Note that f Cµ τα=  at walls, which

implies that µt y~ 4  there.  This assumption is widely

used, for example in Durbin's6 k − −ε v2  model.



AIAA 98-0323

American Institute of Aeronautics and Astronautics
2

on either unstructured or structured book-keeping,
executed on any computer architecture, including
massively parallel processors.  Since publication of the
original model3 the R transport equation has been
modified by a conditional application of its extra
diffusion term.  This improved the model's performance
in shear-layer-edge regions and removed any
dependence on freestream conditions.  In addition, the
near-wall function, f µ , has been replaced by the one
used in the Goldberg-Apsley k − ε   model4 which
itself incorporates time scale realizabilit y.  The version
used in this paper is an anisotropic (nonlinear) variant,
presented in the next section.  This is followed by a
summary of the numerical approach, flow  examples,
and conclusions.

3  Model formulation

Reynolds stresses are related to the mean strain
gradients through the quadratic model of Shih, Lumley
and Zhu5:

( )

( ) ( )

− = + −
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where asterisks indicate the deviatoric part; for
example:

( )U U U U U Ui k j k i k j k m n m n ij, ,
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where

S
k

S Sij ij=
ε

2                                                     (4)

( )S U Uij i j j i= +, , / 2                                           (5)

These stresses appear directly in the viscous term of the
momentum transport equation, rather than resorting to

an eddy viscosity approach. However, the latter is still
used in the diffusion terms of the R, k and ε  transport
equations.  It is given by

µ ρ εµ µt C f k= 2 /                                                (6)

where f µ  is a damping function discussed later.  The

three transport equations in the model are the following.

Undamped eddy viscosity transport equation:
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and τ ε≡ k / , the turbulence time scale. Since τ
increases away from walls while R first increases then
decreases, this conditional application of the extra
diffusion term avoids using it toward shear layer edges,
where its effect would decrease the normal-to-wall
entrainment velocity, potentially creating kinks in the
velocity field and dependence on the initial condition
for R.  The original model3 did not apply this
conditional test.  In practice, the extra diffusion term is
invoked when( )( )∂ ∂ ∂τ ∂R x xj j/ / > −10 6 .

Turbulence kinetic energy transport equation:

( ) ( )[ ] ( )D k

Dt
k P

k

R
t

R
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ρ
ρ

µ
σ= ∇ ⋅ + ∇ + −

2

            (9)

Turbulence energy dissipation rate transport equation:
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                                  (10)

In these equations the turbulence energy production
uses the Reynolds stresses defined in Eq. (1):

P u u Ui j i j= −ρ ,                                                   (11)
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1  Abstract

An anisotropic version of the low-Reynolds-number
wall -distance-free k R− −ε  turbulence model is
introduced and evaluated for compressive wall -bounded
flows.  The paper presents flow cases involving shock-
induced separation which are of interest to both
aerodynamic and turbomachinery applications.  It is
shown that the k R− −ε  model predicts such flows
usually much better than do low-Re k − ε  models in
regard to separated  flow regions, observed both in the
pressure field and in near-wall flow  details, such as
skin friction and velocity profiles.

2  Introduction

It has been established over the years that the k − ε
model, while performing well i n free shear flows, does
not work satisfactorily in wall -bounded flows,
especially under adverse pressure gradient conditions.
The extent of reversed flow regions is underpredicted,
and large spurious   post-reattachment peaks in heat
transfer and skin friction are commonly predicted.
These are a result of the inadequacy of the modelled ε
equation. Near-wall functions, commonly employed to
render the model  applicable to low-Re flow regions, do
not overcome this inadequacy.  To improve  the
performance of these models requires increasing the
level of ε  in  non-equili brium flow regions, thereby
reducing k  and hence the length scale.  An early
attempt to improve the behaviour of ε  under non-
equili brium  flow conditions was made by Yap1 who

added a term to the ε  equation which acts, in non-
equili brium flows, to reduce the departure of the
turbulence length scale from its local equili brium level.
Yap showed much improved predictive quality of the
k − ε  model in separated flows as a result of including
this extra term.

Unfortunately, his proposition involves explicit wall
distance which is ambiguous in all but the simplest
topologies. Besides, it is not at all evident that wall
distance bears a relationship to the structure of
turbulence.  In an attempt to eliminate this shortcoming
in the Yap correction, Ince2 proposed a term involving
length scale gradient such that it acts to raise ε  near
walls with attendant reduction in k  and l , the
turbulence length scale.

The model proposed in this paper attains the desired
effect on ε  without changing the high-Re form of the
corresponding transport equation.  Instead, an
additional equation is carried for the undamped eddy
viscosity, R , and k R2 /  is then used as the
dissipation term in the k  equation, rather than the
customary ε  itself.  As shown below, a Yap-like effect
results without a corresponding additional term in the
ε  equation.  Time scale realizabilit y in that equation is
maintained by  preventing the turbulence time scale
from falli ng below the Kolmogorov micro-scale.  This
renders the high-Re  form of the ε  equation
asymptotically consistent at walls.  The entire
formulation is wall -distance-free, tensorially invariant
and frame-indifferent, thus applicable to arbitrary
topologies and usable in conjunction with solvers based


